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Abstract 



If A is a contact Anosov vector field on a smooth compact manifold M and V G 
C°° (M) it is known that the differential operator A = —X+V has some discrete spectrum 
called Ruelle-Pollicott resonances in specific Sobolev spaces. We show that for |Imz| — » oo 
the eigenvalues of A are restricted to vertical bands and in the gaps between the bands, 
the resolvent of A is bounded uniformly with respect to |Im (z)\. In each isolated band the 
, density of eigenvalues is given by the Weyl law. In the first band, most of the eigenvalues 

concentrate of the vertical line Re (z) = (D) M , the space average of the function D (x) = 
f*^) , V (x) — ^dxvX\E u {x) where E u is the unstable distribution. 



1 Introduction 



In this paper we announce some results concerning the Ruelle-Pollicott spectrum of transfer 
operators associated to contact Anosov flows [5]. Let X be a smooth vector field on a compact 
manifold M and suppose that X generates a contact Anosov flow. 

The Ruelle-Pollicott spectrum of contact Anosov flows has been studied since a long time 
due to its importance to describe the precise behavior and decay of time correlation functions 
for large time. From this, one can deduce fine statistical properties of the dynamics of the flow 
such as exponential convergence towards equilibrium (i.e. mixing) or central limit theorem 
for the Birkhoff average of functions. The Ruelle-Pollicott spectrum is also useful to get some 
precise asymptotic counting of periodic orbits. 

Recent results show that the Ruelle-Pollicott resonances are the discrete eigenvalues of the 
generator {—X) seen as a differential operator in some specific Sobolev spaces of distributions 
7i C V (M) [H El [6]. A more precise description of the structure of this spectrum has been 
obtained in |£l [10] where it is shown that in the asymptotic limit |Imz| — > oo the spectrum 
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is on the domain Re (z) < 7^ with some explicit "gap" 7^ < given below. More generally 
these results can be extended to the operator A = —X + V where V G C°° (M) is a smooth 
function called "potential". 

In this paper we improve the description of the structure of this Ruelle-Pollicott spec- 
trum. The main results are stated in Theorem 15.11 They show that the Ruelle-Pollicott 
spectrum of the first order differential operator A = —X + V has some band structure in 
the asymptotic limit |Imz| — > 00, i.e. is contained in the union of vertical bands Bfe = 

{z G C,Re(z) G [7^ ,7fc~]}> k - witn lk+i < % • Tne values it are § iven explicitly 
in ()5.ip by the maximum (respect, minimum) of the time averaged along trajectories of a 
function D G C°° (M) called "damping function" given by D = V - \<\\vX\ Eu . If the band 
Bfc is isolated from the others by an asymptotic spectral gap (i.e. J^+i < 7^7) then the norm 
of resolvent of A is bounded in this gap uniformly with respect to |Im(z)|. Theorem 15.11 
shows that the spectrum in every isolated band satisfies a Weyl law, i.e. the number of 
eigenvalues z G B^ satisfying Im(z) G [b, b + b £ ] iaj M (b) x b d+e as b — > 00 for any e > 0, 
where dimM = 2d + 1. A previous result for the Weyl law is given in [2] and concerns an 
upper bound: it is shown that for any radius Co > 0, the number of resonances in the disk 
D \ib, C ) of center ib is 0(b d ). 

Concerning the most interesting "external band" Bo = {z 6 C,Re(z) G [7o~>7o"]}i SU P~ 
posing that it is isolated (7^ < 7^), it is shown in Theorem 15 . 31 that most of the resonances in 
the band Bo accumulate on the vertical line Re (z) = (D) M given by the space average of the 
function D. This is due to ergodicity. This problem is then closely related to the description 
of the spectrum of the damped wave equation [7]. 

In the forthcoming paper [5] we will consider the special case V = Vq = ^divX^ for 
which the damping function vanishes D = 0, 7 = 0, i.e. the Ruelle-Pollicott resonances of 
the external band accumulate on the imaginary axis. However, Vq is not smooth and this 
requires an extension of the theory. 

From Selberg theory and representation theory, this particular band structure is known for 
a long time in the case of homogeneous hyperbolic manifolds M = Y\SO\ )n / SO n ^\ = r\T 1 *]H n 
where T is a discrete co-compact subgroup. In that case, the contact Anosov flow is the 
geodesic flow on the hyperbolic manifold surface J\f = r\EI n = T\SOi tn / SO n . 

Technically we use semiclassical analysis to study the spectrum of the differential operator 
A = —X + V |11| . We consider the associated "canonical dynamics" in the phase space T*M 
which is simply the lifted flow. The key observation is that this canonical dynamics has a 
non wandering set or "trapped set" which is a smooth symplectic submanifold K C T*M and 
which is normally hyperbolic. This is the origin of the band structure of the spectrum. This 
approach has been presented in details in the paper [3] treating a very similar problem, the 
band structure of prequantum Anosov diffeomorphisms. 

2 Contact Anosov flow 



lr The notation N (b) x \b\ d+£ means that 3C > independent of b s.t. ± \b\ d+E < N '(b) < C \bf 
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Figure 2.1: Anosov flow. 



Definition 2.1. On a smooth Riemannian compact manifold (M,g), a smooth vector field X 
generating a flow (pt ■ M — > M, i € M, is Anosov, if there exists an ^—invariant decomposition 
of the tangent bundle TM = E u @ E s © E , where £b = RX and C > 0,A > such that for 
every t > 

||^ t/£s || 9 <Ce- At , ll^-t/fiJI, < Ce"**, (2.1) 



Remark 2.2. In general the map x G M — > E u (x) , i£ s (x) are only Holder continuous. The 
"structural stability theorem" shows that Anosov vector field is a property robust under per- 
turbation. 



Definition 2.3. The Anosov one form a G C (T*M) is defined by Kera = E u © E s , a (X) = 1. 
X is a contact Anosov vector field if a is a smooth contact one form i.e. {da)^ Eu(&Es is non 
degenerate (symplectic). 



Remark 2.4. If the case of a contact Anosov vector field we have that dimi^ = &\mE s = d, 
with dimM = 2d + 1 and that dx = a A (da) d is smooth volume form on M preserved by the 
flow 4>t- 

As an example, the geodesic flow on a compact manifold Af with negative sectional curva- 
ture (not necessary constant) defines a contact Anosov flow on T*N. In that case the Anosov 
one form a coincides with the canonical Liouville one form £dx on T*N ' . 

We will assume that A is a contact Anosov vector field on M in the rest of this paper. 

3 The transfer operator 

Let V € C°° (M) be a smooth function called "potential". 
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Definition 3.1. The transfer operator is 


the group of operators 




-> C°° (M) 

tA > * ^ 

— > e v 


with the generator 




A :-- 


= -X + V 


which is a first order differential operator. 




Remark 3.2. 



• Since X generates the flow (f>t we can write FfV = (eh Vo 4>-sds\ y (x)), hence Ft acts 
as transport of functions by the flow with multiplication by exponential of the function 
V averaged along the trajectory. 



• In the case V = 0, the operator Ft is useful in order to express "time correlation functions" 
between u, v G C°° (M), i G E: 

C U:V (t):= / it. (vocj)_ t )dx = (u,F t v) L 3 (3.1) 

The study of these time correlation functions permits to establish the mixing properties 
and other statistical properties of the dynamics of the Anosov flow. In particular u = cste 
is an obvious eigenfunction of A = —X with eigenvalue zq = 0. Since d\vX = 
we have that Ft is unitary in L 2 (M,dx) and %A = (iA)*is self-adjoint but they have 
continuous spectrum. A has continuous spectrum on the imaginary axis Rez = 0. In 
the next Theorem we consider more interesting functional spaces where the operator A 
has discrete spectrum but is non self-adjoint. 



Theorem 3.3 ([lj[3j). "discrete spectrum". If X is an Anosov vector field and V G C°° (M) 

then for every C > 0, there exists an Hilbert space %c with C°° (M) C He G T>' (M), such that 

A = -X + V -Uc^Uc 

has discrete spectrum on the domain Re (z) > —CX, called Ruelle-Pollicott resonances, in- 
dependent on the choice of Tic- 



Remark 3.4. Concerning the meaning of these eigenvalues, notice that with the choice V = 0, 
if (—X) v = zv, v is an invariant distribution with eigenvalue z = —a + ib G C, then v o (fi_ t = 
e~ tx v = e~ at e lbt v, i.e. a = — Re (z) contributes as a damping factor and b = Im (z) as a 
frequency in time correlation function (|3.ip . Notice also the symmetry of the spectrum under 
complex conjugation that^i; = zv implies Av = zv. 



4 



We introduce now the following function that will play an important roleU 

V (x):=±divX lEu . (3.2) 

From (|2.ip we have Vo (x) > \d ■ A. Since E u (x) is only Holder in x so is Vq (x). We will also 
consider the difference 

D (x) := V (x) - V (x) (3.3) 
and called it the "effective damping function". For simplicity we will write: 

I d] (x) := f (Do <f>_ 8 ) (x) ds, x G M, 
Jo J Jo 

for the Birkhoff average of D along trajectories. 



Theorem 3.5 (0GJ]]). "asymptotic gap". If X is a contact Anosov vector field on M and 
V G C°° (M), then for any e > the Ruelle-P ollicott eigenvalues (zj)j G C of A = —X + V are 
contained in 

Re (z) < 7+ + e 

up to finitely many exceptions and with 



1 



o 



7o + = ton sup - / D){x). (3.4) 



Remark 3.6. See figure [5TT b). Notice that in the case V = we have 7^ < —\d • A < 0. 

4 Example of the geodesic flow on constant curvature surface 

A simple and well known example of contact Anosov flow is provided by the geodesic flow 
on a surface S with constant negative curvature. Precisely let V < SX2IR be a co-compact 
discrete subgroup of G = SX2M (i.e. such that M := Y\SL2^ is compact). We suppose that 
(—Id) G r. Then we have a natural identification that M = T^S is the unit cotangent bundle 
of the hyperbolic surface S := F\SL2E>/ SO2 = r\H 2 . Let X be the left invariant vector 

field on M given by the element X e = \ ( J ^ J G sl 2 M. = T e G. Then X is an Anosov 

contact vector field on M and can be interpreted as the geodesic flow on the surface S. Using 
representation theory, it is known that the Ruelle-Pollicott spectrum of the operator (—X) 
coincides with the zeros of the dynamical Fredholm determinant. This dynamical Fredholm 
determinant is expressed as the alternative product of the Selberg zeta functions and gives 
the following result; see figure l57TT a). We refer to |5j for futher details. 



2 Let fj, g be the induced Riemann volume form on E u (x) defined from the choice of a metric g on M. As the 
usual definition in differential geometry [S] p. 125], for tangent vectors ui, . . .Ud £ E u (x), &ivX\ E ^ measures 
the rate of change of the volume of E u and is defined by 

(divXi E (x)) ■ /x„ (ui, . . . u d ) = lim ~ (p s (D(j> t (ui),..., D<f> t (u d )) — (i g (ui,... u d )) 
x ' t— »o t 
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Proposition 4.1. If X is the geodesic flow on an hyperbolic surface S = r\H 2 then the Ruelle- 
Pollicott eigenvalues z of (—X) are of the form 



where k £ N and (/i;); gN £ K + are i/ie discrete eigenvalues of the hyperbolic Laplacian A on 
the surface S. There are also z n = —n with n £ N*. Each set (zkj) l with fixed k will be called 
the line B^. The "Weyl law" for A gives the density of eigenvalues on each vertical line for 
b — > oo, 

t{z k ,h &<Im(z M )<6+l}x|&| (4.2) 



5 Band spectrum for general contact Anosov flow 

Proposition 14.11 above shows that the Ruelle-Pollicott spectrum for the geodesic flow on con- 
stant negative surface has the structure of vertical lines at Hez = — ^ — k. In each line the 
eigenvalues are in correspondence with the eigenvalues of the Laplacian A. We address now 
the question if this structure persists somehow for geodesic flow on manifolds with negative 
(variable) sectional curvature and more generally for any contact Anosov flow. In the next 
Theorem, for a linear invertible map L, we note ||£|| maa , := \\L\\ and ||£|| m j n := 



C 



Theorem 5.1. 1 5] "asymptotic band structure". If X is a contact Anosov vector field on M 
and V G C°° (M) then for every C > 0, there exists an Hilbert space He with C°° (M) C He C 
V(M), such that for any C > 0, any e > 0, i/ie Ruelle-Pollicott eigenvalues (zj)j G C of the 
operator A = —X + V : %c* — > He on the domain Re {z) > —CX are contained, up to finitely 
many exceptions, in the union of finitely many bands 

z ^ U bk ~ £ nt + e] x * 



fc>0 



Band Bi 



with 



7fc 



lim 

t— >oo 



lim 

t— >oo 



sup- 

X t 

inf — 

x t 



I'd) (*) -Hog D4> t { x ) /Eu ) 

JO J 1 rninj 

J*D) (x)-fclog|z>^ (x) /Bu 



(5.1) 
(5.2) 



and where D = V — Vq is the damping function \3. °3\) . In the gaps between the bands, the norm 
of the resolvent is controlled: For any e > 0, there exists c > such that for every z ^ Ufc>o ^fc 
and \Im(z)\ > c then 

(z-Ay 1 <c 

Also for any k the number of resonances in the band is controlled by a "Weyl law": Ve > 
0,3c >0,Vb> c, 



- \b\ d+£ < ft { Zj G B k , b < Im ( Zj ) <b + b £ }<c \b\ d+£ 



(5.3) 



with dimM = 2d + 1. 



Remark 5.2. We can compare Theorem 15.11 with Proposition 14.11 in the special case of the 
geodesic flow on a constant curvature surface S = r\H 2 : we have D(j)t (x) = e t hence 
Vo = \. The choice of potential V = gives the constant damping function D = — ^, hence 
(|5.ip gives 7^ = = — \ — k as in Proposition 14.11 



Theorem 5.3. 15] If the external band Bo is 


isolated i.e. 7^ 


< 7 , then most 


of the 


resonances 


accumulate on the vertical line 










Re{z) = (D) := 


Vol(M) Jm D 


[x) dx 






in the precise sense that 










±r Yl \Zi-(D)\-+0, 
iVj, — 4 b-s>oo 
2i6Bo,[Im(«i)|<6 


with Nb : = 


\{zi G B , |Im(zi 


)\<b} 


(5.4) 
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Figure 5.1: (a)Ruelle-Pollicott spectrum of —X for the geodesic flow on an hyperbolic surface 
S = r\H 2 . (b) Spectrum of A = —X + V and its asymptotic band structure for a general 
contact Anosov flow. 



Outline of the proof: The proof of Theorem 15.11 relies on semiclassical analysis. The 
analysis is very similar to that done in [3] concerning the semiclassical analysis of Anosov 
flow (not necessary contact) but in fact we adapt very closely the results obtained in [3] 
concerning the band structure of prequantum maps. In the limit \lmz\ —¥ oo under study, 
the semiclassical parameter is written H := 1/ |Imz|. A = —X + V is a differential operator. 
Its principal symbol is the function a (A) (x, £) = X (£) on phase space T*M (the cotangent 
bundle). It generates an Hamiltonian flow which is simply the canonical lift of the flow (fa 
on M. Due to Anosov hypothesis on the flow of definition 12.11 the non wandering set of the 
Hamiltonian flow is the continuous sub-bundle K = Ma C T*M where a is the Anosov one 
form. K is normally hyperbolic. With the hypothesis that a is a smooth contact one form, 
this makes K\ {0} a smooth symplectic submanifold of T*M, normally hyperbolic. Using a 
microfocal description of the trapped set together with linear normal forms the dynamics on 
the vicinity of K can be decomposed as an internal dynamics on K and a transverse hyperbolic 
dynamics on the symplectic orthogonal (T p K)' L around every point p € K. At the level of 
operators, this local decomposition gives a local decomposition of the operator A in tensor 
product At p k ® A, T K ^±. With specific escape functions the operator A, T K ^x associated 
with the dynamics of a hyperbolic linear fixed point has a discrete spectrum of resonances 
indexed by integer k € N. This escape function is very sharp in the sense that it is present at 
a distance of order O (Ti 1 / 2 ) of the trapped set. This allows to construct some approximate 
spectral projectors IR for every value of k, and patching these locals expression we get global 
operators. The positions 7^ of the band come from estimates of the operator A restricted 
by the projector IR. 

The proof of the Weyl law is similar to the proof of J.Sjostrand about the damped wave 
equation [7] but need more arguments. The accumulation of resonances on the value (D) in 
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Theorem 15,31 given by the spatial average of the damping function, Eq. (|5.4p . uses the ergodicity 
property of the Anosov flow and is also similar to the spectral results obtained in [7] for the 
damped wave equation. 

References 

[1] O. Butterley and C. Liverani. Smooth Anosov flows : correlation spectra and stability. 
J. Mod. Dyn., 1(2) :301-322, 2007. 

[2] K. Datchev, S. Dyatlov, and M. Zworski. Sharp polynomial bounds on the number of 
ruelle resonances. arXiv preprint arXiv :1208. 4330, 2012. 

[3] F. Faure and J. Sjostrand. Upper bound on the density of ruelle resonances for anosov 
flows, a semiclassical approach. Comm. in Math. Physics, Issue 2. (arXiv :1003.0513vl), 
308 :325-364, 2011. 

[4] F. Faure and M. Tsujii. Prequantum transfer operator for anosov diffeomorphism (preli- 
minary version). Arxiv preprint arXiv :1206.0282, 2012. 

[5] F. Faure and M. Tsujii. Spectrum and zeta function of contact anosov flows, paper in 
preparation., 2013. 

[6] P. Giulietti, C. Liverani, and M. Pollicott. Anosov flows and dynamical zeta functions. 
To appear in Annals of Mathematics. arXiv : 1203. 0904, 2012. 

[7] J. Sjostrand. Asymptotic distribution of eigenfrequencies for damped wave equations. 
Publ. Res. Inst. Math. Sci, 36(5) :573-611, 2000. 

[8] M. Taylor. Partial differential equations, Vol I. Springer, 1996. 

[9] M. Tsujii. Quasi-compactness of transfer operators for contact anosov flows. Nonlinearity, 
arXiv :0806.0732v2 [math.DS], 23(7) :1495-1545, 2010. 

[10] M. Tsujii. Contact anosov flows and the fourier-bros-iagolnitzer transform. Ergodic Theory 
Dynam. Systems, Published online, 3, 2011. 

[11] M. Zworski. Semiclassical Analysis. Graduate Studies in Mathematics Series. Amer 
Mathematical Society, 2012. 



9 



